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et A denote the class of all functions of the form 
f (z ) = z + 
∞ ∑ 
n =2 
a n z n , (1.1) 
hich are analytic in the open unit disk U = { z : z ∈ C and
 z | < 1}, C being, as usual, the set of complex numbers. We
lso denote by S the subclass of all functions in A which areCorresponding author. Tel.: +20 502226165. 
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ttp://dx.doi.org/10.1016/j.joems.2015.04.004 nivalent in U . Let S ∗s be the subclass of S consisting of func-
ions of the form (1.1) satisfying 
e 
(
z f ′ (z ) 
f (z ) − f (−z ) 
)
> 0 , z ∈ U. (1.2) 
hese functions are called starlike with respect to symmetric 
oints and were introduced by Sakaguchi [1] (see also Robert- 
on [2] , Stankiewicz [3] , Wu [4] and Owa et al. [5] ). Das and
ingh [6] introduced another class C s namely, convex functions 
ith respect to symmetric points and satisfying the condition 
e 
(
( z f ′ (z ) ) ′ 
( f (z ) − f (−z ) ) ′ 
)
> 0 , z ∈ U. (1.3) 
If f and g are analytic functions in U , we say that f is subor-
inate to g , written f ( z ) ≺ g ( z ) if there exists a Schwarz func-
ion ϕ, which (by deﬁnition) is analytic in U with ϕ(0) = 0
nd | ϕ( z )| < 1 for all z ∈ U , such that f (z ) = g(ϕ(z )) , z ∈ U.
duction and hosting by Elsevier B.V. This is an open access article 
nc-nd/4.0/ ). 
On certain subclasses of analytic and bi-univalent functions 221 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Since Furthermore, if the function g is univalent in U , then we have
the following equivalence 
f (z ) ≺ g(z )(z ∈ U ) ⇔ f (0) = g(0) and f (U ) ⊂ g(U ) . 
For each f ∈ S , the Koebe one-quarter theorem [7] ensures the
image of U under f contains a disk of radius 1/4. Thus every
univalent function f ∈ S has an inverse f −1 , which is deﬁned
by 
f −1 ( f (z )) = z (z ∈ U ) 
and 
f ( f −1 (ω)) = ω (| ω| ) < r 0 ( f ) ; r 0 ( f ) ≥ 1 4 
)
. 
In fact, the inverse function g = f −1 is given by 
g(ω) = f −1 (ω) = w − a 2 ω 2 + 
(
2 a 2 2 − a 3 
)
ω 3 
− (5 a 2 2 − 5 a 2 a 3 + a 4 )ω 4 + · · · . 
A function f ∈ A is said to be bi-univalent in U if f and f −1
are univalent in U . Let σ denote the class of bi-univalent func-
tions in U given by (1.1) . The familiar Koebe function is not a
member of σ because it maps the unit disk U univalently onto
the entire complex plane minus a slit along the line −1 4 to −∞ .
Hence the image domain does not contain the unit disk U. 
In 1985 Branges [8] proved the celebrated Bieberbach Con-
jecture which states that, for each f ( z ) ∈ S given by the Taylor–
Maclaurin series expansion (1.1) , the following coeﬃcient in-
equality holds true: 
| a n | ≤ n (n ∈ N − { 1 } ) , 
N being the set of positive integers. The class of analytic bi-
univalent functions was ﬁrst introduced and studied by Lewin
[9] , where it was proved that | a 2 | < 1.51. Subsequently,
Brannan and Clunie [10] improved Lewin’s result to | a 2 | ≤
√ 
2 .
Brannan and Taha [11] and Taha [12] considered certain sub-
classes of bi-univalent functions, similar to the familiar sub-
classes of univalent functions consisting of strongly starlike and
convex functions. They introduced bi-starlike functions and bi-
convex functions and found non-sharp estimates on the ﬁrst
two Taylor–Maclaurin coeﬃcients | a 2 | and | a 3 |. For further
historical account of functions in the class σ , see the work by
Srivastava et al. [13] (see also [11,14] ). In fact, the above-cited
recent pioneering work of Srivastava et al. [13] has apparently
revived the study of analytic and bi-univalent functions in re-
cent years; it was followed by such works as those by Frasin and
Aouf [15] , Xu et al. [16,17] , Hayami and Owa [18] , and others
(see, for example, [19–35] ). 
In the present paper, certain subclasses of the bi-univalent
function class σ were introduced, and non-sharp estimates on
the ﬁrst two coeﬃcients | a 2 | and | a 3 | were found. 
2. Coeﬃcient estimates 
In the sequel, it is assumed that φ is an analytic function with
positive real part in the unit disk U , satisfying φ(0) = 1 , φ′ (0) >0 , and φ( U ) is symmetric with respect to the real axis. Such a
function has a Taylor series of the form 
φ(z ) = 1 + B 1 z + B 2 z 2 + B 3 z 3 + · · · (B 1 > 0) . (2.1)
Suppose that u ( z ) and v ( z ) are analytic in the unit disk U with
u (0) = v (0) = 0 , | u ( z )| < 1, | v ( z )| < 1, and suppose that 
u (z ) = b 1 z + 
∞ ∑ 
n =2 
b n z n , v (z ) = c 1 z + 
∞ ∑ 
n =2 
c n z n (z ∈ U ) . (2.2)
It is well known that (see Nehari [36, p. 172] ) 
| b 1 | ≤ 1 , | b 2 | ≤ 1 − | b 1 | 2 , | c 1 | ≤ 1 , | c 2 | ≤ 1 − | c 1 | 2 . (2.3)
By a simple calculation, we have 
φ(u (z )) = 1 + B 1 b 1 z + 
(
B 1 b 2 + B 2 b 2 1 
)
z 2 + · · · (z ∈ U ) , (2.4)
and 
φ(v (ω)) = 1 + B 1 c 1 ω + 
(
B 1 c 2 + B 2 c 2 1 
)
ω 2 + · · · (ω ∈ U ) . (2.5)
Deﬁnition 1. A function f ∈ σ given by (1.1) is said to be in
the class S σ ( α, φ)(0 ≤ α ≤ 1) if the following conditions are
satisﬁed: 
(1 − α) 2 z f 
′ (z ) 
f (z ) − f (−z ) + α
2 ( z f ′ (z ) ) ′ 
( f (z ) − f (−z ) ) ′ ≺ φ(z ) (z ∈ U ) 
and 
(1 − α) 2 ω g 
′ (ω ) 
g(ω) − g(−ω) + α
2 ( ω g ′ (ω ) ) ′ 
( g(ω) − g(−ω) ) ′ ≺ φ(ω) , (ω ∈ U ) , 
where g(ω) := f −1 (ω) . 
Theorem 1. If f ( z ) given by ( 1.1 ) be in the class S σ ( α, φ). Then 
| a 2 | ≤ B 1 
√ 
B 1 √ 
4(1 + α) 2 B 1 + 2 
∣∣(1 + 2 α) B 2 1 − 2(1 + α) 2 B 2 ∣∣
(2.6)
and 
| a 3 | ≤
⎧ ⎪ ⎪ ⎪ ⎨ 
⎪ ⎪ ⎪ ⎩ 
B 1 
2(1+2 α) i f B 1 ≤ 2(1+ α) 
2 
1+2 α ,(
1 − 2(1+ α) 2 
( 1+2 α) B 1 
)
i f B 1 > 2(1+ α) 
2 
1+2 α
B 3 1 
4(1+ α) 2 B 1 +2 | (1+2 α) B 2 1 −2(1+ α) 2 B 2 | + 
B 1 
2(1+2 α) . 
(2.7)
Proof. Let f ∈ S σ ( α, φ). Then there are analytic functions u , v :
U → U given by (2.2) such that 
(1 − α) 2 z f 
′ (z ) 
f (z ) − f (−z ) + α
2 ( z f ′ (z ) ) ′ 
( f (z ) − f (−z ) ) ′ = φ(u (z )) (2.8)
and 
(1 − α) 2 ω g 
′ (ω ) 
g(ω) − g(−ω) + α
2 ( ω g ′ (ω ) ) ′ 
( g(ω) − g(−ω) ) ′ = φ(v (ω)) . (2.9)
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|1 − α) 2 z f 
′ (z ) 
f (z ) − f (−z ) + α
2 ( z f ′ (z ) ) ′ 
( f (z ) − f (−z ) ) ′ 
= 1 + 2(1 + α) a 2 z + 2(1 + 2 α) a 3 z 2 + · · · , 
nd 
1 − α) 2 ω g 
′ (ω ) 
g(ω) − g(−ω) + α
2 ( ω g ′ (ω ) ) ′ 
( g(ω) − g(−ω) ) ′ 
= 1 − 2(1 + α) a 2 ω + 2(1 + 2 α) 
(
2 a 2 2 − a 3 
)
ω 2 + · · · , 
t follows from (2.4), (2.5), (2.8) and (2.9) that 
(1 + α) a 2 = B 1 b 1 , (2.10) 
(1 + 2 α) a 3 = B 1 b 2 + B 2 b 2 1 , (2.11)
2(1 + α) a 2 = B 1 c 1 , (2.12) 
(1 + 2 α) (2 a 2 2 − a 3 ) = B 1 c 2 + B 2 c 2 1 . (2.13)
rom (2.10) and (2.12) , we get 
 1 = −c 1 , (2.14) 
8(1 + α) 2 a 2 2 = B 2 1 
(
b 2 1 + c 2 1 
)
. (2.15) 
y adding (2.13) to (2.11) , further computations using (2.15) 
ead to 
4(1 + 2 α) B 2 1 − 8(1 + α) 2 B 2 
]
a 2 2 = B 3 1 (b 2 + c 2 ) , (2.16) 
2.14), (2.16) , together with (2.3) , give that 
 
∣∣(1 + 2 α) B 2 1 − 2(1 + α) 2 B 2 ∣∣∣∣a 2 2 ∣∣ ≤ B 3 1 (1 − ∣∣b 2 1 ∣∣). (2.17) 
rom (2.10) and (2.17) we get 
 a 2 | ≤ B 1 
√ 
B 1 √ 
4(1 + α) 2 B 1 + 2 
∣∣(1 + 2 α) B 2 1 − 2(1 + α) 2 B 2 ∣∣
. (2.18) 
ext, from (2.13) and (2.11) , we have 
(1 + 2 α) a 3 = 4(1 + 2 α) a 2 2 + B 1 (b 2 − c 2 ) . 
rom (2.3), (2.10), (2.14) and (2.18) , it follows that 
 a 3 | ≤ a 2 2 + 
B 1 
2(1 + 2 α) 
(
1 − ∣∣b 2 1 ∣∣)
= 
(
1 − 2(1 + α) 
2 
(1 + 2 α) B 1 
)
a 2 2 + 
B 1 
2(1 + 2 α) 
≤
⎧ ⎪ ⎪ ⎪ ⎨ 
⎪ ⎪ ⎪ ⎩ 
B 1 
2(1+2 α) i f B 1 ≤ 2(1+ α) 
2 
1+2 α ,(
1 − 2(1+ α) 2 
(1+2 α) B 1 
)
i f B 1 > 2(1+ α) 
2 
1+2 α
B 3 1 
4(1+ α) 2 B 1 +2 | (1+2 α) B 2 1 −2(1+ α) 2 B 2 | + 
B 1 
2(1+2 α) . 
If we set 
(z ) = 
(
1 + z 
1 − z 
)γ
= 1 + 2 γ z + 2 γ 2 z 2 + · · · (0 < γ ≤ 1 , z ∈ U ) n Deﬁnition 1 of the bi-univalent function class S σ ( α, φ),
e obtain a new class S σ ( α, γ ) given by Deﬁnition 2 below. 
eﬁnition 2. For 0 ≤ α ≤ 1 and 0 < γ ≤ 1, a function f ∈ σ
iven by (1.1) is said to be in the class S σ ( α, γ ) if the following
onditions are satisﬁed: 
1 − α) 2 z f 
′ (z ) 
f (z ) − f (−z ) + α
2(z f ′ (z )) ′ 
( f (z ) − f (−z )) ′ ≺
(
1 + z 
1 − z 
)γ
(z ∈ U ) 
nd 
1 −α) 2 ω g 
′ (ω ) 
g(ω) −g(−ω) + α
2(ω g ′ (ω )) ′ 
(g(ω) −g(−ω)) ′ ≺
(
1 + ω 
1 − ω 
)γ
(ω ∈ U ) ,
here g(ω) := f −1 (ω) . 
Using the parameter setting of Deﬁnition 2 in Theorem 1 ,
e get the following corollary. 
orollary 1. For 0 ≤ α ≤ 1 and 0 < γ ≤ 1, let the function f ∈
 σ ( α, γ ) be of the form ( 1.1 ). Then 
 a 2 | ≤ γ√ 
(1 + α) 2 + α2 γ
nd 
 a 3 | ≤ γ1 + 2 α . 
If we set 
(z ) = 1 + (1 − 2 υ) z 
1 − z = 1 + 2(1 − υ) z + 2(1 − γ ) z 
2 
+ · · · (0 ≤ υ < 1 , z ∈ U ) 
n Deﬁnition 1 of the bi-univalent function class S σ ( α, φ), we
btain a new class S υσ (α) given by Deﬁnition 3 below. 
eﬁnition 3. For 0 ≤ α ≤ 1 and 0 ≤ υ < 1 , a function f ∈ σ
iven by (1.1) is said to be in the class S υσ (α) , if the following
onditions hold true: 
1 − α) 2 z f 
′ (z ) 
f (z ) − f (−z ) + α
2 ( z f ′ (z ) ) ′ 
( f (z ) − f (−z ) ) ′ 
≺ 1 + (1 − 2 υ) z 
1 − z (z ∈ U ) 
nd 
1 − α) 2 ω g 
′ (ω ) 
g(ω) − g(−ω) + α
2 ( ω g ′ (ω ) ) ′ 
( g(ω) − g(−ω) ) ′ 
≺ 1 + (1 − 2 υ) ω 
1 − z (ω ∈ U ) , 
here g(ω) := f −1 (ω) . 
Using the parameter setting of Deﬁnition 3 in the 
heorem 1 , we get the following corollary. 
orollary 2. For 0 ≤ α ≤ 1 and 0 ≤ υ < 1 , let the function f ∈
 
υ
σ (α) , be given by ( 1.1 ). Then 
 a 2 | ≤ 1 − υ√ 
(1 + α) 2 + ∣∣(1 + 2 α)(1 − υ) − (1 + α) 2 ∣∣
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 and 
| a 3 | ≤ 1 − υ1 + 2 α . 
Deﬁnition 4. A function f ∈ σ given by (1.1) is said to be in
the class C σ ( α, φ)(0 ≤ α ≤ 1) if the following conditions are
satisﬁed: 
(
2 z f ′ (z ) 
f (z ) − f (−z ) 
)α( 2 ( z f ′ (z ) ) ′ 
( f (z ) − f (−z ) ) ′ 
)1 −α
≺ φ(z ) (z ∈ U ) 
and 
(
2 ω g ′ (ω ) 
g(ω) − g(−ω) 
)α( 2 ( ω g ′ (ω ) ) ′ 
( g(ω) − g(−ω) ) ′ 
)1 −α
≺ φ(ω) , (ω ∈ U ) , 
where g(ω) := f −1 (ω) . 
Theorem 2. Let f ∈ σ given by ( 1.1 ) be in the class C σ ( α, φ).
Then 
| a 2 | ≤ B 1 
√ 
B 1 √ 
4(2 − α) 2 B 1 + 2 
∣∣[ α2 + 3(1 − α)] B 2 1 − 2(2 − α) 2 B 2 ∣∣
, 
(2.19)
and 
| a 3 | ≤
⎧ ⎪ ⎪ ⎪ ⎨ 
⎪ ⎪ ⎪ ⎩ 
B 1 
2[ α2 + 3(1 − α)] i f | B 2 | ≤ B 1 , 
2(2 − α) 2 B 1 | B 2 | + B 1 | [ α2 + 3(1 − α)] B 2 1 − 2(2 − α) 2 B 2 | 
2[ α2 + 3(1 − α)][2(2 − α) 2 B 1 + | [ α2 + 3(1 − α)] B 2 1 − 2(2 − α) 2 B 2 | ] 
i f | B 2 | > B 1 . 
(2.20)
Proof. Let f ∈ C σ ( α, φ). Then there are analytic functions u , v :
U → U given by (2.2) such that 
(
2 z f ′ (z ) 
f (z ) − f (−z ) 
)α( 2 ( z f ′ (z ) ) ′ 
( f (z ) − f (−z ) ) ′ 
)1 −α
= φ(u (z )) (2.21)
and 
(
2 ω g ′ (ω ) 
g(ω) − g(−ω) 
)α( 2 ( ω g ′ (ω ) ) ′ 
( g(ω) − g(−ω) ) ′ 
)1 −α
= φ(v (ω)) . (2.22)
Since (
2 z f ′ (z ) 
f (z ) − f (−z ) 
)α( 2 ( z f ′ (z ) ) ′ 
( f (z ) − f (−z ) ) ′ 
)1 −α
= 1 + 2(2 − α) a 2 z + 2 
[
(3 − 2 α) a 3 − α(1 − α) a 2 2 
]
z 2 + · · · , 
and (
2 ω g ′ (ω ) 
g(ω) − g(−ω) 
)α( 2 ( ω g ′ (ω ) ) ′ 
( g(ω) − g(−ω) ) ′ 
)1 −α
= 1 − 2(2 − α) a 2 ω 
+ 2 [(3 − 2 α) (2 a 2 2 − a 3 )− α(1 − α) a 2 2 ]ω 2 + · · · , 
it follows from (2.4), (2.5), (2.21) and (2.22) that 
2(2 − α) a 2 = B 1 b 1 , (2.23)
[
2 
]
2 2 (3 − 2 α) a 3 − α(1 − α) a 2 = B 1 b 2 + B 2 b 1 , (2.24) −2(2 − α) a 2 = B 1 c 1 , (2.25)
2 
[
(3 − 2 α) (2 a 2 2 − a 3 )− α(1 − α) a 2 2 ] = B 1 c 2 + B 2 c 2 1 . (2.26)
From (2.23) and (2.25) , we get 
b 1 = −c 1 , (2.27)
and 
8(2 − α) 2 a 2 2 = B 2 1 
(
b 2 1 + c 2 1 
)
. (2.28)
By adding (2.24) to (2.26) , further computations using (2.28)
lead to 
4 
[
(α2 + 3(1 − α)) B 2 1 − 2(2 − α) 2 B 2 
]
a 2 2 = B 3 1 (b 2 + c 2 ) , (2.29)
(2.27), (2.29) , together with (2.3) , give that 
2 
∣∣[ α2 + 3(1 − α)] B 2 1 − 2(2 − α) 2 B 2 ∣∣∣∣a 2 2 ∣∣ ≤ B 3 1 (1 − ∣∣b 2 1 ∣∣). (2.30)
From (2.23) and (2.30) we get 
| a 2 | ≤ B 1 
√ 
B 1 √ 
4(2 − α) 2 B 1 + 2 
∣∣[ α2 + 3(1 − α)] B 2 1 − 2(2 − α) 2 B 2 ∣∣
, 
(2.31)
Next, from (2.24) and (2.26) , we have 
4(3 − 2 α)[ α2 + 3(1 − α)] a 3 = [2(3 − 2 α) − α(1 − α)] B 1 b 2 
+ α(1 − α) B 1 c 2 + 2(3 − 2 α) B 2 b 2 1 .
Then, in view of (2.3) , we have 
2[ α2 + 3(1 − α)] | a 3 | ≤ B 1 + [ | B 2 | − B 1 ] 
∣∣b 2 1 ∣∣. 
Notice that 
∣∣b 2 1 ∣∣ = 4(2 − α) 
2 
B 2 1 
∣∣a 2 2 ∣∣
≤ 2(2 − α) 
2 B 1 
2(2 − α) 2 B 1 + 
∣∣[ α2 + 3(1 − α)] B 2 1 − 2(2 − α) 2 B 2 ∣∣, 
we get 
| a 3 | ≤
⎧ ⎪ ⎪ ⎪ ⎨ 
⎪ ⎪ ⎪ ⎩ 
B 1 
2[ α2 + 3(1 − α)] if | B 2 | ≤ B 1 , 
2(2 − α) 2 B 1 | B 2 | + B 1 | [ α2 + 3(1 − α)] B 2 1 − 2(2 − α) 2 B 2 | 
2[ α2 + 3(1 − α)][2(2 − α) 2 B 1 + | [ α2 + 3(1 − α)] B 2 1 − 2(2 − α) 2 B 2 | ] 
if | B 2 | > B 1 . 

If we set 
φ(z ) = 
(
1 + z 
1 − z 
)γ
= 1 + 2 γ z + 2 γ 2 z 2 + · · · (0 < γ ≤ 1 , z ∈ U ) 
in Deﬁnition 4 of the bi-univalent function class C σ ( α, φ), we
obtain a new class C σ ( α, γ ) given by Deﬁnition 5 below. 
Deﬁnition 5. For 0 ≤ α ≤ 1 and 0 < γ ≤ 1, a function f ∈ σ
given by (1.1) is said to be in the class C σ ( α, γ ) if the following
subordinations hold: 
(
2 z f ′ (z ) 
f (z ) − f (−z ) 
)α( 2 ( z f ′ (z ) ) ′ 
( f (z ) − f (−z ) ) ′ 
)1 −α
≺
(
1 + z 
1 − z 
)γ
(z ∈ U )and 
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[  
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[  
[  
[
 
[  
[  
[
[  
[  
[  
[  2 ω g ′ (ω ) 
g(ω) − g(−ω) 
)α( 2 ( ω g ′ (ω ) ) ′ 
( g(ω) − g(−ω) ) ′ 
)1 −α
≺
(
1 + ω 
1 − ω 
)γ
(ω ∈ U ) ,
here g(ω) := f −1 (ω) . 
Using the parameter setting of Deﬁnition 5 in Theorem 2 , 
e get the following corollary. 
orollary 3. For 0 ≤ α ≤ 1 and 0 < γ ≤ 1, let the function f ∈
 σ ( α, γ ) be of the form ( 1.1 ). Then 
 a 2 | ≤ γ√ 
(2 − α) 2 + γ (1 − α) 
nd 
 a 3 | ≤ γ
α2 + 3(1 − α) . 
If we set 
(z ) = 1 + (1 − 2 υ) z 
1 − z = 1 + 2(1 − υ) z 
+ 2(1 − γ ) z 2 + · · · (0 ≤ υ < 1 , z ∈ U ) 
n Deﬁnition 4 of the bi-univalent function class C σ ( α, φ), we
btain a new class C υσ (α) given by Deﬁnition 6 below. 
eﬁnition 6. For 0 ≤ α ≤ 1 and 0 ≤ υ < 1 , a function f ∈ σ
iven by (1.1) is said to be in the class C υσ (α) , if the following
onditions are satisﬁed: 
2 z f ′ (z ) 
f (z ) − f (−z ) 
)α( 2 ( z f ′ (z ) ) ′ 
( f (z ) − f (−z ) ) ′ 
)1 −α
≺ 1 + (1 − 2 υ) z 
1 − z (z ∈ U ) 
nd 
2 ω g ′ (ω ) 
g(ω) − g(−ω) 
)α( 2 ( ω g ′ (ω ) ) ′ 
( g(ω) − g(−ω) ) ′ 
)1 −α
≺ 1 + (1 − 2 υ) ω 
1 − z (ω ∈ U ) , 
here g(ω) := f −1 (ω) . 
Using the parameter setting of Deﬁnition 6 in Theorem 2 , 
e get the following corollary. 
orollary 4. For 0 ≤ α ≤ 1 , 0 ≤ υ < 1 , let the function f ∈
 
υ
σ (α) be of the form ( 1.1 ). Then 
 a 2 | ≤ 1 − υ√ 
(2 − α) 2 + | [ α2 + 3(1 − α)](1 − υ) − (2 − α) 2 | 
nd 
 a 3 | ≤ 1 − υ
α2 + 3(1 − α) . 
cknowledgment 
he author would like to thank the referee for his careful read-
ng and valuable comments. eferences 
[1] K. Sakaguchi , On certain univalent mapping, J. Math. Soc. Jpn. 11
(1959) 72–75 . 
[2] M.S. Robertson , Applications of the subordination principle to 
univalent functions, Paciﬁc J. Math. 11 (1961) 315–324 . 
[3] J. Stankiewicz , Some remarks on functions starlike with respect to 
symmetric points, Ann. Univ. Marie Curie Sklodowsk. 19 (1965) 
53–59 . 
[4] Z. Wu , On classes of Sakaguchi functions and Hadamard products,
Sci. Sinica Ser. A 30 (1987) 128–135 . 
[5] S. Owa , Z. Wu , F. Ren , A note on certain subclass of Sakaguchi
functions, Bull. Soc. R. Liege. 57 (1988) 143–150 . 
[6] R.N. Das , P. Singh , On subclasses of Schlicht mapping, Indian J.
Pure Appl. Math. 8 (1977) 864–872 . 
[7] P.L. Duren , Univalent Functions, Grundlehren Math. Wis- 
senschaften, Band 259, Springer-Verlag, New York, Berlin, Heidel- 
berg and Tokyo, 1983 . 
[8] L. de Branges , A proof of the Bieberbach conjecture, Acta Math.
154 (1985) 137–152 . 
[9] M. Lewin , On a coeﬃcient problem for bi-univalent functions, 
Proc. Am. Math. Soc. 18 (1967) 63–68 . 
10] D.A. Brannan, J.G. Clunie (Eds.), Aspects of contemporary com- 
plex analysis, Proceedings of the NATO Advanced Study Institute 
held at the University of Durham, Durham, July 1–20, 1979, Aca-
demic Press, New York/London, 1980 . 
11] D.A. Brannan , T.S. Taha , On some classes of bi-univalent func-
tions, Stud. Univ. Babes-Bolyai Math. 31 (2) (1986) 70–77 . 
12] T.S. Taha , Topics in univalent function theory, University of Lon-
don, 1981 Phd thesis . 
13] H.M. Srivastava , A.K. Mishra , P. Gochhayat , Certain subclasses
of analytic and bi-univalent functions, Appl. Math. Lett. 23 (2010) 
1188–1192 . 
14] D.A. Brannan , J. Clunie , W.E. Kirwan , Coeﬃcient estimates for a
class of starlike functions, Can. J. Math. 22 (1970) 476–485 . 
15] B.A. Frasin , M.K. Aouf , New subclasses of bi-univalent functions,
Appl. Math. Lett. 24 (2011) 1569–1573 . 
16] Q.-H. Xu , Y.-C. Gui , H.M. Srivastava , Coeﬃcient estimates for
a certain subclass of analytic and bi-univalent functions, Appl. 
Math. Lett. 25 (2012) 990–994 . 
17] Q.-H. Xu , H.-G. Xiao , H.M. Srivastava , A certain general subclass
of analytic and bi-univalent functions and associated coeﬃcient es- 
timate problems, Appl. Math. Comput. 218 (2012) 11461–11465 . 
18] T. Hayami , S. Owa , Coeﬃcient bounds for bi-univalent functions,
Pan Am. Math. J. 22 (4) (2012) 15–26 . 
19] R.M. Ali , S.K. Lee , V. Ravichandran , S. Supramaniam , Coeﬃcient
estimates for bi-univalent Ma–Minda starlike and convex func- 
tions, Appl. Math. Lett. 25 (2012) 344–351 . 
20] M.K. Aouf , R.M. El-Ashwah , A.M. Abd-Eltawab , New sub-
classes of bi-univalent functions involving Dziok–Srivastava oper- 
ator, ISRN Math. Anal. (387178) (2013) 5 . 
21] S. Bulut , Coeﬃcient estimates for initial Taylor–Maclaurin coeﬃ- 
cients for a subclass of analytic and bi-univalent functions deﬁned 
by Al-Oboudi diﬀerential operator, Sci. World J. (171039) (2013) 6 .
22] S. Bulut , Coeﬃcient estimates for new subclasses of analytic and
bi-univalent functions deﬁned by Al-Oboudi diﬀerential operator, 
J. Funct. Spaces Appl. (181932) (2013) 7 . 
23] S. Bulut , Coeﬃcient estimates for a class of analytic and bi-
univalent functions, Novi Sad J. Math. 43 (2) (2013) 59–65 . 
24] E. Deniz , Certain subclasses of bi-univalent functions satisfying 
subordinate conditions, J. Class. Anal. 2 (2013) 49–60 . 
25] S.P. Goyal , P. Goswami , Estimate for initial Maclaurin coeﬃcients
of bi-univalent functions for a class deﬁned by fractional deriva- 
tives, J. Egypt. Math. Soc. 20 (2012) 179–182 . 
26] X.-F. Li , A.-P. Wang , Two new subclasses of bi-univalent functions,
Int. Math. Forum 7 (2012) 1495–1504 . 
27] N. Magesh , T. Rosy , S. Varma , Coeﬃcient estimate problem for
a new subclass of bi-univalent functions, J. Complex Anal. 2013 
(474231) (2013) 3 . 
28] N. Magesh , J. Yamini , Coeﬃcient bounds for certain subclasses of
bi-univalent functions, Int. Math. Forum 8 (2013) 1337–1344 . 
On certain subclasses of analytic and bi-univalent functions 225 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 [29] G. Murugusundaramoorthy , N. Magesh , V. Prameela , Coeﬃcient
bounds for certain subclasses of bi-univalent function, Abstr. Appl.
Anal. (573017) (2013) 3 . 
[30] Z.-G. Peng , Q.-Q. Han , On the coeﬃcients of several classes of bi-
univalent functions, Acta Math. Sci. Ser. B Engl. Ed. 34 (2014)
228–240 . 
[31] S. Porwal , M. Darus , On a new subclass of bi-univalent functions,
J. Egypt. Math. Soc. 21 (3) (2013) 190–193 . 
[32] H.M. Srivastava , S. Bulut , M. Caglar , N. Yagmur , Coeﬃcient esti-
mates for a general subclass of analytic and bi-univalent functions,
Filomat 27 (5) (2013) 831–842 . [33] H.M. Srivastava , G. Murugusundaramoorthy , N. Magesh , Certain
subclasses of bi-univalent functions associated with the Hohlov op-
erator, Global J. Math. Anal. 1 (2) (2013) 67–73 . 
[34] H.M. Srivastava , G. Murugusundaramoorthy , K. Vijaya , Coeﬃ-
cient estimates for some families of bi-Bazilevic functions of the
Ma–Minda type involving the Hohlov operator, J. Class. Anal. 2
(2013) 167–181 . 
[35] H. Tang , G.-T. Deng , S.-H. Li , Coeﬃcient estimates for new sub-
classes of Ma–Minda bi-univalent functions, J. Inequal. Appl. 2013
(317) (2013) 10 . 
[36] Z. Nehari , Conformal Mapping, McGraw-Hill Book Co., New
York, 1952 . 
